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Hydrodynamic equations of laser produced plasmas are presented and solved to calculate the linear growth rate of
Rayleigh-Taylor instability (RTI) by using normal mode analysis. The growth rates of RTI are calculated in the absence
and presence of the external magnetic field. The growth rates are presented graphically against the perturbation
wavelength for different angles between the wave vector and initial horizontally directed magnetic field. The dependence
of RTI growth rate on the interface density gradient and ablation effects is also investigated. It is found that growth rate
of RTI is decreased in the presence of magnetic field; interface density gradient and ablation effects in laser produced
plasmas. The numerical results are also presented and found to be in good agreement with the experimental

observations.
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1. Introduction

The Rayleigh-Taylor instability (RTI) in plasmas
is produced, when a heavy fluid supported by a
light fluid is in equilibrium in a gravitational field [1].
During this equilibrium, if a small perturbation is
introduced then this perturbation will grow and
causing the system towards RTI. The instability
occurs because any exchange of position between
two elements with equal volume of the two fluids
leads to a decrease of the potential energy of the
system [2]. In general one gets RT stability when a
light fluid pushes and accelerates a heavy fluid as
shown in Fig. 1. In laser plasmas interaction, the
RTI occurs whenever a pressure gradient opposes

a density gradient i.e. VP is in an opposite
direction to Vp [3].

Let us consider two superimposed fluids, with
densities ‘ p,, ’ (heavy fluid) and ‘ p, ’ (light fluid);

separated by a horizontal boundary and subjected
to gravity ‘g’. The fluids are in hydrostatic
equilibrium. However, when the upper fluid is
heavier than the lower one, the small perturbations
at the interface rapidly grow in time. Soon spikes of
the heavier fluid fall down, while bubbles of the
lighter fluid rise as shown in Fig. 2.
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A sinusoidal wave, with amplitude § on the

surface between the two RT unstable fluids will
grow exponentially, which is given by

¢ =& exp(y1) (1)
Where
y =/ Aka, A:(Mj and k:2—7Z have
Pu TP A

been defined as growth rate, Atwood number and
wave vector respectively, and ‘a’ is the
acceleration of the two fluids (or a=g in the

gravitational field, without acceleration).

For ICF, the low-density, high-pressure ablating
plasma accelerates the high-density shell and

PH >> P so the Atwood number is close to one.

The growth rate defined in Eq. (1) does not take
into account the density gradient effects. However,
if we consider the density gradient at the interface
of heavy and lighter fluid, it can have a stabilizing
effect and explained with an effective Atwood
number. The growth rate of RTI with density
gradient at the interface is given by
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Figure 1. Rayleigh Taylor unstable interface between the fluids of different densities: a) a lighter fluid supports a heavier fluid in
gravitational field; 2) a lighter fluid pushes and accelerates a layer of denser fluid in laser produced plasma [4]..
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Figure 2. Characteristic flow patterns in the evolution of RT instability:1) a bubble formation penetrating the heavy fluid, 2) a spike
entering in low density medium, 3) a spike formation with vortex motion, 4) intermixing between the fluids [3].
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Where in is called the scale length of

Vp
density gradient at the interface [7]. Here it is
worthy to note that the growth rate described in Eq.

(2) decreases with the increasing in the value of L .

In inertial confinement fusion (ICF), interaction
of an intense laser with solid matter causes
ablation of the solid and generation of ablative
pressure. Ablative pressure can be used to
accelerate thin targets. The most important
application of ablative pressure is driving the
implosion of spherical shell targets for the
achievement of inertial confinement fusion
reactions [5]. However, the ablation front, which
separates the low density hot plasma from the
accelerated dense layer, is hydrodynamically
unstable. Under these conditions RTI can occur
thus hindering the compression of the solid matter
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[6]. The determination of the RTI growth rate is
crucial for the success of ICF because an
excessive distortion of the ablation front could lead
to a severe degradation of the capsule
performance with respect to the final core
conditions by seeding RTI during the deceleration
phase and prevent the onset of the ignition
process [10].

In 1973 an early paper out of the Naval
Research Laboratory (NRL) reported that accurate
dispersion relation including ablation and density
gradient effects at the interface still did not exist to
describe the RTI growth rate. Furthermore, the
nonlinear growth and turbulence properties were
almost entirely a mystery. A theoretical
understanding of ablative stabilization was
gradually evolved and confirmed by experiments.
The linear growth of RTI was well understood with
good agreement between experiment and
simulation for planar geometry with wavelengths in
the region of 30-100 &« m [7].

M.K. Ayub et al.



The Nucleus, 46 (4) 2009

p

xS

||||||

Figure 3. Rayleigh-Taylor instability in the presence of gravitation g (down) or acceleration a (up) [3].

Recently, the growth of RTI with plastic target of
solid density has been studied intensively. The
wave number dependence of the growth rate has
been well studied but the target density
dependence of the RT growth rate has not been
investigated. This study is important for various
mitigation schemes of the RT instability, such as
stability using picket pulses, high-Z coating, double
ablation and cocktail color irradiation [11]. It has
also been observed that RTI plays an important
role in many complex phenomenons, such as
some stages of stellar evolution, fragmentation of
vapor films, deceleration of laser generated
plumes, underground salt domes and volcanic
islands etc. [3].

The layout of the paper is presented as follow:
In Sec.ll different models and set of equations are
presented to study RTI in laser produced plasmas.
The analytical expressions of their growth rates are
also obtained in the linear limit. In Sec.lll, the
numerical plots are drawn for ICF experiments. A
conclusion is presented in Sec.lV.

2. Models and Set of Equations

2.1.  Rayleigh-Taylor Instability in unmagnetized
plasmas : A linear analysis

In order to study the linear analysis of RTI [3],
we consider the hydrodynamic equations
describing the fluid motion. The mass conservation
equation is described as

op I r
——+V. =0 3
P (pv) ®)

Role of magnetic field and density gradients in Rayleigh-Taylor

and momentum conservation equation is given by

—

p% +p(VV)V =-VP + pg (4)

Where p is the fluid density, V is the flow
velocity, P is the pressure and p§ is the external
force acting on the fluid (if there is an acceleration,
then d=—0 ). The Cartesian coordinates with unit
vectors X, S/ and Z are used, and the

gravitational field (or the acceleration) is
perpendicular to the interface between the fluids as
shown in Fig. 3.

Therefore
g=-92

In the linear approximation, we have

P=PoTP1  Po>>pP1
;=;o +;1 ;o >>;1 (5)

Substituting Eq. (5) in Eq. (3) and Eq. (4), with
stationary fluid assumptions, and on solving, we
get the following two equations after linearization,
described as follows,

op, =, -
El"'v-(povl) =0 (6)
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o, - —
poglwﬂ—plg:o (7)

We take incompressible flow assumption, i.e.
density of the fluid is constant with time. The
incompressible flow assumption is a reasonable
approximation for fluids having flow velocities
much less than the local speed of sound.
Therefore, in Langrangian coordinate system we
can write

(8)

Using linearization approximation in Eq. (8),
together with Eq. (6) we obtain the following two
equations as follows

p,
atl +V,.Vp, =0 (9)
Vy, =0 (10)

On solving Egs. (9) and (10) together with Eq.
(7), with assumption that initial density p,is

constant in both fluids and changes only in the z-
direction, i.e. normal to the interface between the

fluids i.e. %:0 P =0and P

OX oy 0z
Egs. (7), (9) and (10) explicitly in Cartesian
coordinates, one gets

# 0. Writing

v, oP _
P75t T ox
oV
£o ﬁ’iy +£:O
oy

v, , 0R

—t+—+p09g=0 11
PV P A9 (11)
Py P _g

ot oz
8le_'_avly aVlz =0

ox oy oz
406

We have five equations with five

unknownsV,,,V;, ,V;,, Fand o . It is convenient

to solve these equations after a Fourier transforms
in x-y plane, or equivalently the disturbance is
analysed by its normal modes, and solutions
depending on X, Y and t can be described in the

following way.
v, (X, y,2,t) =u(z)
R(X,y,z,t)=0P(z) rexpi(k, x+k, y—at) (12)

P (XY, 2,t) = 6p(2)

Where @ is the wave frequency and kx, ky are

wave numbers along x & y direction such that [3];

k? =k +k; where k:277[.

Substituting Eq. (12) into Eq. (11) and after some
mathematical manipulations we get following

equation in one variable U,

9y ey { (—)dp‘)}u —0 (13)

dz dz

If we assume that the fluid is confined between
two rigid planes at +Z, and—Z;, then boundary
conditions are;

UZ(iZB) =0

du,
dz =

The interface is the surface atz=0 and the
density is assumed to be constant anywhere
except between the fluids at z=0. Therefore,
forz # 0, Eq. (13) can be written as

2
o) ;;2(2) ~K2u,(2) =0

The general solution of this equation can be
written as

u,(z) = aexp(kz) + g exp(—kz)

M.K. Ayub et al.
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Since U, vanishes at the boundary and the

velocity is continuous at the interface, then one
has the solution of the form

uZ(Z):{wexp(+kz) for z<0 (14

wexp(-kz) for z>0

Now integrating Eq. (13) across the interface
from -¢ to +¢, where ¢ is an infinitesimal element of
z. Using solution given in Eq. (14) and denoting the
density of the fluid above and below the interface

by p,, and Py, accordingly (the direction up

and down is determined by the direction of g), the
Eq. (13) can be written as

+& d au +&
—(p,—2)dz—| k?p,u.dz
J:g dZ (po az) J:g pO z

2
_ gk L;zdpo ZIO
- @°dz

In above equation 2" term disappears because
U, vanishes at the boundary and the velocity is
continuous at the interface, otherwise an infinite
acceleration is needed to cross the interface. The
integration of 1% and 3 terms is given in
Appendix. After solving the above integral
equation, we obtained the quadratic equation in @
described as follows,

o’ =—Akg

(pup - pdown)

(pup + pdown)
number (a dimensionless parameter). The angular
frequency @ is defined asw=awy+iy,

Where A= is called the Atwood

where y =/Akg is a real number describe the
growth rate of RTI. Final solution becomes

wexpli(k,x +k,y — ot)]exp(+kz) for z<0
wexpli(k,x+k,y - ot)]exp(-kz) for z>0
(15)

Vz(ny,Z,t)={

Now there are two cases, one is if
Pup™ Paown then A is positive, @ becomes an

imaginary number and y >0, then perturbation

Role of magnetic field and density gradients in Rayleigh-Taylor

grows exponentially and interface becomes
unstable [8]. On the other hand, if p, < Py, then

A is negative, @ becomes real number and y <0,

causing the interface to oscillate and there will be
no growth of the perturbation.

2.2.  Effects of ablation in RT instability

The effects of ablating material become
important when there is an additional flow of
material across the ablation surface from the high-
density region into the low-density plasma [3]. The
following assumptions have been made in the
model, i.e. fluid is assumed to be incompressible,
the spatial extent and the density gradient of the
plasma are neglected, and the plasma heating is
not taken into account.

It is assumed that there is a sharp density jump
at the interface, so that the density is described by
a 6 function given as.

P0(2) = pp,0(=2) + p 1 0(2) (16)
Where

1 f 0
9(2) _ or z>

0 for z<0

In the foil reference frame of coordinates (the
foil is at rest in this frame), the ablated material

(plasma) moves with velocity V., in the —Z

direction (Zis a unit vector in the z- direction)
given as;

0(-2)3 —Vp 2 for z>0
VA =—V — =
0 PL 0 for z<0 (17)

The mass conservation and momentum
conservation equations after linear approximation
are combined to give as follows.

24 (%wﬁvo +V,9%,) =22VP,-VP,  (18)

2o

Combining Egs. (8), (9), and (10) along with the
incompressibility assumption equations and then
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after some mathematical manipulations we get the
following equation in one variable U, as follows,

o, ou, k’pv, au,
(py S -
0z 0z w 0L
ak’® dp, .k’p, ov
| K2y + 0 pi—L2 =0y =0 19
PR w o |° (19)
Where the acceleration ‘a’ is defined as,
1, 0P, _ _ _
a=—(—)—=. Equation (19) is now integrated
Py 01

across the interface form —e to +¢, where ¢ is an
infinitesimal element of z. The density and initial
velocity are described by a € function, and the
derivative of these terms gives the Dirac Delta

d6(2)
Z

function defined as =0(2). The integral of

the Dirac function over the segment, including the
zero of the argument, is equal to one, while the
integral of regular functions and the & function
from —e to +¢ is equal to zero. In Eq. (19) the
integral of 2" and 3™ term vanish while the integral
of 1%, 4™ and 5" term is given in Appendix.

After some mathematics, we obtain the
following quadratic equation

. kv
o’ + I(%)a)+ akA=0
The solution of this quadratic equation is

0=—-i¥ey [ Kerye gy
4 4

Here we have assumed

kv,
—akA[] R =, [ 4,/E
4 k

Then above solution becomes

a)z\/—akA—i%+ ......
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= +i(v/AK —Evpl)

k
7 = (v Aka —val) From this result one can see

that the ablation process in laser produced
plasmas reduces the growth rate of the Rayleigh-
Taylor instability.

2.3. Different models for ablation effects in RT
instability

In 1974 Bodner [5] formulated a simple model
for the ablation situation with a discontinuity in the
density, which shows that the growth rate of the
instability is reduced below the classical value by

kv,,, as given below,

7 =~Jka —kv, (20)

where V,, =V, is the flow velocity across the

ablation front. But relation for continuous density
gradient case is different. Gamaly in 1993 [5]
derived the following expression,

ka
R PO @)

This includes both the ablation velocity and the
continuous density gradient in the calculations.
However, experimental results and numerical
simulations have indicated larger stabilization
effects, such as the width of the acceleration
region and the heating and energy exchange in the
flow. Including the two latter effects yields a theory
encapsulated by the Takabe formula [5], which
predicts.

7 = a~Jka — kv, (22)

With =09 and f is called ablative

stabilization coefficient (obtained by fitting to
numerical simulations). Takabe set up a true
steady-state equilibrium situation with material flow
through an absorption region, and numerically
found the eigen functions of the flow. This resulted
in a best fit to the growth rates. The most widely
used growth rate is

| ka
1+KkL

4 — Bkv, (23)

M.K. Ayub et al.
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This is still only an analytical fit to numerical
results includes both the ablation velocity and the
continuous density gradient effects,

where f =110 3[5]. The case [ =1 corresponds
to an indirect-drive scenario whereas [ =3 to the

direct-drive case. The term pKv,,, describes the
stabilizing effect of ablation.

2.4. Rayleigh-Taylor instability in the presence
of magnetic field

In this section, we will study the effects of
magnetic field directed parallel to the accelerated
interface between two fluids, where the heavier
fluid is above the lighter fluid, in RT instability [3].
In high power laser plasma interaction very strong
magnetic field is produced. Linearization
procedure as done in previous sections is used in
this analysis in the presence a magnetic field
(Gaussian units) as follows,

. _ B
B = B, + B, Where B, is constant andu = 1.

B

On neglecting the electric field E relative to the

B field, the momentum equation of the conducting
fluid can be written as

p@=—6P+l(jx B) (24)
ot c

Where ‘V' is the fluid velocity, ‘o’ and ‘P’ are

density and pressure respectively, ‘J’ is the
electric current and ‘c’ is the speed of light. Using
the Maxwell equations we have

J="_(VxB) (25)
dr

The displacement current has been ignored
and linearized momentum equation is written as

poﬂz_vp_ﬂx(ﬁxél)—gplg (26)
ot Ar

Maxwell equation for zero resistivity is given by

Role of magnetic field and density gradients in Rayleigh-Taylor

B o TxE=Vx@UxE,) (27)

Non existence of magnetic monopole leads
towards the expression

V.B, =0 (28)

After solving Egs. (9), (10), (26) and (27) b
assuming X, Y,t dependence of the variables as

in previous case with some algebraic
manipulations, we get the following differential
equations for the two cases:

Case: 1 When magnetic field is perpendicular to

interface of two fluids i.e. B, = B, Z:

[ d d B, d2
P are P )dzz}uZ(z)_
[ k2g. d

k?p, + (—?)ﬂ}uz(z) (29)
| o dz

Case: 2 When magnetic field is parallel to interface

of two fluids i.e. B, = B, X:

d, d, B kf , B
EGrs (— K )}uz(z)-
ip,+ (9 g)d”f’}u (2) (30)
i dz

In laser-plasma interaction the horizontal
magnetic field might play an important role in
stabilizing the RTI. In particular, if the large d.c.
magnetic field, created in the corona, penetrates
into the ablation surface then the ablation surface
instability is significantly modified [3]. There is no
perturbation propagating in the z-direction, so the
stabilizing effects of magnetic field in the z-
direction are not taken and only Eq. (30) is further
analyzed. On solving Eq. (30) for two uniform fluids
separated at the surfacez =0, with a density
distribution given as

p(Z) = ,Oupe(Z) + pdowne(_z)
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At the horizontal boundary z =0, the following
continuity conditions must be satisfied i.e.

" e =u, o))

lim

O{Bz (+¢) =B, (-e)}

After integrating Eqg. (30) along the interface
(Integration of magnetic effect term is given in
Appendix and integration of other terms is same as
in previous cases) and solving Eq. (30) as in
previous cases we get

g PP BK }
_m{(/?lﬁpm) 2ot

Here in this case Atwood number is reduced in
the presence of magnetic field, which leads
towards the reduction of growth rate of RT
instability. The effective Atwood number in the
presence of magnetic field is defined by

— 2
A = (pup pdown) _ Bka (32)
(pup +pd0wn) 272'-(pup +pdown)gk

The growth rate ‘ "’ is given by
¥ =JAkg (33)

If ¢ is the angle between wave vector k and

the initial magnetic field B, directed along x —axis,

then
k k 2
COS¢p=-—*=—"— where K=—— has been
k  ki+k; A
defined.

For stable modes, ®” >0, then from Eq. (27),
we have

(pup - pdown) BO kf
<
(pup + pdown) 277(,0up + ,Odown ) gk

which satisfies

410

y By cos’¢ _
gAp

A ﬂc, where Ap = (pup _pdown)

(34)

The above expression shows that wavelengths
shorter than a critical value A, will be stabilized by
magnetic field for RTI case.

3. Numerical Results

In order to obtain numerical results to study
RTI, we have used different parameters, p =

10gm/em®, Py =1gmicm®, a =g = 10"°cm/sec?,

Bo = 10’Gauss, L = 1.6 x 10 cm, vg= 3.2 x 10°
cm/s described in laser plasma experiments [7].

Using these parameters, it is found that
perturbation wavelengths for RTI in laser plasma
interactions are in the order of micro-meter (4 m)

and time for their growth is found to be in the order
of nano-second (ns) as shown in the Figures (4-6).

The growth rate vs. perturbation wavelength
has been plotted for unmagnetized case, in the
absence and presence of density gradient effects
at the interface are shown in Fig. 4. If we compare
the value of growth rate in both curves, then
growth rate is found to be less in the presence of
density gradient case for short wavelengths. This
behavior shows that density gradient has
stabilizing  effects for short  wavelength
perturbations against the RTI which is desirable in
experiments. But at large  wavelength
perturbations, this behavior is found to be opposite
and the density gradient stabilizing phenomenon is
not more effective to stabilize the RTI as shown in
Fig. 4.

Fig. 5 describes the behavior of growth rate
with wavelength in the presence of magnetic field
By =10" Gauss (generated in laser plasmas
experiments) at different angles of propagation
with horizontal direction i.e, for ¢ = 0°, 30°, 45° and
60°. After the comparison of growth rate in the
case of magnetic field for ¢ = 60° with the case
when By=0 as shown in Fig.4, it is found that
growth rates in the presence of magnetic field are
found be less at small wavelength and are almost
same at large values. It is due to the fact that
stabilizing behavior of magnetic field is prominent
for small wavelengths and become negligible for
the large wavelengths.

M.K. Ayub et al.
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Figure 4. Growth rate Vs wavelength (RTI linear analysis with and without density gradient at the interface).
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Figure 5. Growth rate Vs Wavelength (RTI analysis with magnetic field for ¢ = 0°, 30°, 45° and 60°).

For ¢ = 45° it is found that decrease in RTI
growth rate at smaller wavelengths is more and
similar at large wavelengths in comparison with the
case for ¢ = 60°. In case of ¢ = 45° there is a
wavelength A =10 ¢ m, for which growth rate is

maximum (~ 4.8x10%™). The perturbation
wavelength has maximum growth rate because the
curve has its increasing behavior before that value
and after that wavelength it has the decreasing
trend.

The RTI growth rates for ¢ =0° , 30° and 45°
cases are shown in Fig. 5. The growth rate is the
composite behavior of the two terms in Eq.(33) i.e.,
one is the growth term due to density difference of
the fluids and other is the magnetic field effect term
as described by effective Atwood number given in

Role of magnetic field and density gradients in Rayleigh-Taylor

Eq.(32). The behavior of these two terms with
wavelength is opposite to each other. At short
wave lengths the magnetic field term is more
effective in comparison with term containing
density difference of the two fluids. For ¢ =0° , 30°
and 45° the maximum growth rate is found to be
3.25x10%",  3.9x10%"  and  4.8x10°%
corresponding to the wavelength A= 20 um,

16 4 m and 10 i m respectively. From Fig. 5 it is

clear that wavelength for which growth rate is
maximum, is increased with the decrease in ¢.
Therefore the favorable results are for the case
when the angle between the wave vector and
magnetic field is minimum because the
perturbation in that direction will grow late in
comparison with other propagation angle.
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Figure 6. Growth rate Vs wavelength (RTI analysis including density gradient and ablation term for ,B =1,2and 3).

The numerical results are also plotted for RTl in
the presence of several phenomena during
ablation, such as the width of the acceleration
region, heating and energy exchange in the flow as
given in Eq.(23). Curves for # =1, 2 and 3 in Fig.
6 show that the maximum value of growth rate is
3.66 x10° s', 2.65x10° s'and 2.20x10%"at A
=14 um, 26 um and 43 um respectively. The

growth rate is composite behavior of the two terms,
one is the density gradient term and other is the
ablation term as described in Eq. (23). It is found
by comparison of growth rates for g = 1, 2, and 3
as shown in Fig. 6 that with increase in the value of
B , the maximum value of growth rate is
decreased. For B = 3 (direct drive case) the
maximum value of growth rate is minimum in
comparison with other B values. Therefore the
case for B = 3, RTI will take more time to grow and
is more favorable in laser plasma experiments.

4, Conclusion

The RTI can cause a disturbance to grow from
extremely small amplitude to a level that can
disrupt the flow completely and can break the shell
in laser produced plasmas. It is found that shorter
wavelength modes grow rapidly to reach saturation
before the longer wavelength modes

becausey o % After the shorter wavelength

modes stop growing, they transfer their acquired
energy to the longer wavelength disturbances, and

412

the small disturbances are converted into larger
structures [3].

Our results show that density gradient at the
interface has a stabilizing effect against RT growth
that can reduce the Atwood number and can be
explained via an effective Atwood number

1
A=—"_ o]
[1+KL] 1ol

From results it has been clear that in laser-
plasma interaction the horizontal magnetic field
plays an important role in stabilizing the RT

instabilities. It is found that as the angle ‘@’

between ‘K’ propagation vector and the initial
magnetic field (along x-axis) increases, the growth
rate stabilizing effect decreases and this effect

vanishes when ¢ = 90° [3].

Our numerical results show that when we
consider ablation of the material surrounding the
pellet then growth rate of perturbation is reduced.
The physically explanation is that when ablation of
the material occurs then there is an additional flow
of material across the ablation surface from the
high-density region into the low-density plasma

which reduces the RTI [9]. Physically ‘/f’
describes the stabilization effects due to several
phenomena occur during ablation, such as the
width of the acceleration region, heating and
energy exchange in the flow [5].lt is found from

M.K. Ayub et al.
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results that the growth rates of the instabilities are
also affected by the variations in the value of ‘ .

The results are in good agreements with the laser
produced plasma experiments [3,5,10].

Appendix
Different Identities Used During Calculations

”d du,\ (o _, du, "

dz dz e

wexp(+kz) for z<0
(Z)={

wexp(—kz) for z>0

1

,  Wwhere

—&

o QU Y
=Po dz |, ) dz |
d(we™) d(we™)
up dZ down dZ

= —kw(0,, + Pgoun)U, » W is some constant

2 +& p
29— j (u,— H)dz = —|uzpo
k2
= g _z(uzpo +e _uzpo ,g)
w

2

k
= gW_z (pup - pdown)uz
w

21,2

B K K ok
7[}/2 (—CO — @ )uz

Bk, [y,

2J dz?

3
)47r;/7

BZ 2
= ﬁ}; (—awk — wk)u,

Bozkxza)kuZ
2y’

2+£

4 J‘ kzpou aVOz dz :_J'u s aVOZ dz
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_ K*W| (Pp1+ Pl Verl,
® 2

Here we have used the symmetry 6(z) =9(-2)

IH(Z)é(Z)dZ:%(Integration by parts)
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with . =0(2).
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