Pakista®

The Nucleus 47, No. 4 (2010) : 261-265

The Nucleus

A Quarterly Scientific Journal of Pakistan
Atomic Energy Commission

NCLEAM, ISSN 0029-5698

ON THE UNIFORMLY CONVERGENCE SPECTRAL EXPANSIONS CONNECTED
WITH SCHRODINGER’S OPERATOR OF CONTINUOUS FUNCTIONS
IN A CLOSED DOMAIN

A.A. RAKHIMOV, *K. ZAKARIA and N.A.KHAN

Laboratory of Methods of Modern Mathematical Physics, Mathematical Sciences and Research Centre,
Federal Urdu University, Karachi, Pakistan

Department of Mathematics, NED University, Karachi, Pakistan

(Received November 23, 2010 and accepted in revised form December 07, 2010)

Present paper is devoted to study summability problem of spectral expansions in a closed domain. We consider here
as a spectral expansions eigenfunction expansions connected with one Schrodinger’s operator with singular potential in

two dimensional domains with smooth boundary.
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1. Introduction

One of very important operators in quantum
mechanics is Schrédinger's operator with singular
potential. This operator is acting on the functions
belonging to the Hilbert space [1]. Operators in
infinite dimensional Hilbert space are not defined
for all the functions of the space. That's why we
should define the domains of the operator. In the
present paper as a domain, we consider
appropriate Sobolev spaces [2]. The reason of
importance of the domain is operators in quantum
mechanics need to be self-adjoint [3]. For self-
adjoint operator, eigenvalues are real and the
eigenfunctions form a complete set of orthogonal
functions so that any function of the Hilbert space
of the system can be expanded in this set in strong
(norm) topology. When the Hamiltonian H of the
system is a self-adjoint operator, then the time-
dependent Schrodinger equation has a unique
solution. This solution will be presented by spectral
expansions  connected with  corresponding
Hamiltonian. That is why it is very important to
prove applicability of the spectral expansions
method for the presentation solutions of the
problems modern mathematical physics. Thus one
has to study convergence and/or summability of
such spectral expansions. In case of free
Hamiltonian corresponding methods and theory
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developed by many scientists [4, 5].

Let Q is a bounded domain in R* with
smooth boundary 0Q. We will consider potential
function g(x) as a positive function from Sobolev's
space W,'(Q) with singularities at a point x, € Q
(or in finite numbers of points) and enough smooth
out of this point. Also, we will suppose that first

eigenvalue problem for the corresponding
Schrédinger's operator with potential g produce

selfadjoint operator so the problem has countable
number eigenfunctions u,(x) answering to the

eigenvalues A,,.

Problems of convergence and summability
eigenfunction expansions in compact subsets of
the domain were studied by many mathematicians.
Significant  contributions, for solving these
problems, are given by Russian mathematical
schools, as in Moscow University scientists headed
by Prof. Iin V.A. However, problems of
convergences and summability of eigenfunction
expansions near the boundary of the domain
creates significant difficulties. The last statement
was mentioned in [5] and it was also formulated a
problem for the convergence and summability in a
closed domain. Further this problem was
investigated by E.l. Moiseev [6] and he obtains an
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estimation of a sum of eigenfunctions of first
boundary value problem for the Laplace operator in
a closed domain. A.A. Rakhimov and Kamran
Zakaria in [7] obtained the same estimation in case
of Schrodinger’s operator.

In present paper, we prove a theorem on
summability of eigenfunction expansions
connected with Schrodinger’s operator in a class of
continuous functions. In this we use an estimation
of eigenfunctions obtained in [7]. The same
problem for the free Hamiltonian operator was
solved by A. A. Rakhimov in [8]. Eigenfunction
expansions connected with Schrodinger’s operator
in compact subsets of the domain studied by A.R.
Khalmukhamedov [9] in various functional spaces
and by A.A. Rakhimov [10] in a class of
distributions.

2. Definitions and Main Result

Define Reisz means of partial sums
eigenfunction expansions by system {u_ (x)}:

Ef(x)= 2 (1 —%} fu, (x), (1)

A<

where f =(fu,) and {A,}- a sequence of
eigenvalues: 0 <X, <A, <.......... <A, > .

Main result of the present work is to prove
following theorem.
2.1. Theorem

Let f a finite and continuous in a domain G
function. Then Reisz means (1) of order s,

s> — convergence to f uniformly in a closed

domain G .

2.2.  Preliminaries and Auxiliary Lemmas.

For any number h>0 by G, denote following
set

G, = {x e G:dist(x,0G) > h} .

Let xeG, and yeG . Consider a function of
variable r = |x - y|:

262

I YD

I(s+1) 2° (2n)2 A*2 2 —

,r<R 2
Vo @

0, R>0

where R less % , J,(t)— Bessel's function of

order v.

For eigenfunctions u (x) we have following

mean value formula in a ball {r < R} with the

centreat xeG, :

Si(uy) = (22 (rfa, (A, ) P U (x)+
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Where B= , S(9)(x)=]g(x+10)d6, and

J,(t), Y, (t)— are Bessel's functions of order v.
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Using (3) we obtain following expression for Fourier

r
coefficient of function v(jx—y|):

2-N N-2s

A T 12
Va(X)=2°T(s+ A, * A * u,(Xx)-
R
Ty (VAN (rrredr +
0 E+s re
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N 2°T(s + 1) n
(271)% 2

PP -gwﬁ(t,r,,/xn )-t**".8.(q-u, )dt

Where  Wi(tr,2,) =), (3, ) Y, (3 M) -

In right side of (5), divide first integral into two

partas | — |
0 R

And taking into consideration (4) obtain following

A
formula for va(x):

Y, (X) = Bu, (X)(1- 22) ~2°T(s +1)

N 2°T(s+1)
(2) (6)

where

L(A) = 0 )" Ty (WA (rR,)r e

and

—+s

2 (7)
jwﬁ(t,r,,/xn )-t77-S,(q-u,)dt
0

L, (A.u,) = 'T(r\/x)i?sJN (rﬁ) NB

Multiply both side of (6) to u,(x) and take

summation by all numbers. As a result obtain
following equality in sense of L, by y :

On the uniformly convergence spectral expansions connected

N-1 s
C(|x —y]) =@ (x,y,A) —2°T(s+ 1) 1 * 2
1-n

30, (0)Uy(¥) 2’ L)

2T(s+)n. Y =
PZIEENT55 5 0 () LGuu,)
(275)4 2

where

- j Uy (x) U (y)

O°(x,y,\) = kzd (1—

is called Reisz means of spectral function.

Left side of (8) in x€G, and y e G, denote by
V(X,y,L).

In [7] it is obtained following uniformly by y G

estimation for eigenfunctions of first boundary
problem for Schrodinger’s operator:

> uz(y)=0(u In*p) )
Vreh®

From (9) it follows that for any positive number & it
is valid estimation:

Y oui(y) At =0(A"-In? ) (10)

Ap <A

X ous(y), =0 In" ) (1)
Ap>2
For integral I,(A,1,) defined by equality (2.8) we
have following estimation (see in [5]):

L) < (12)

c
1+‘\/Z—\/ﬂ

Let feL,(G) and f its Fourier coefficients.

Then from estimations (10) and (11) it follows that
series

-1

SE U (y) A2 LA,
n=1
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converges uniformly in closed domain G.
Therefore, for any function f from L,(G) integral

[ f(x) V(x,y,A) dx

G

is continuous by y € G.

Let’s support of a function f(x) eL,(G) isin G, .

Then by definition for Reisz means of partial sum
of Fourier series of function f(x) by system

{u,(x)} , we will have

ESf(y) = [ f(x) V(Xy,A) dx + 2°T(s+1)

l“ ZanlT

2°T(s 71)
(2

Uy (y) (A2, ) + (13)

_2
o nz1f|(xu)

Denote by B(R,y) a ball of radius R with the

center at point ye@ . Then taking into account
continuity of function

s N N s

[f(x) v(r) dx=2T(s+1) (2n) 2 A% 2x
G,

x [ fx)dy (ﬁr)-r'(g)

G,MB(RY) 2"

and also fact that it is equal to first term in first part
equality (13), obtain

f(y)= j f(x) 3}(|x—y|) dx +2°-T(s+1)-

*’52 Mt )L () + (14)
2’I'(s+N)n

RIS A,

(2r)" PR

2.3. Lemmal

Let yeé. Then uniformly by y we have
inequality
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> u(y) A2 [L(WAF < Comn® (15)

n=1

Proof From (10) and (12) taking as A =1 it follows

o 2 2y - of 1
PRSI S EEOR O(xj'

Also from (12) ,
estimations:

(11) and (10) obtain following

> a2 ()T u§<y>=0[%"] (16)

s a2 [T uﬁ(y)=0[%} (17)

For estimating term which answer to the

Vi V31

numbers N for which TS \/ZST we use (9)
and (12). Denote by k least number for which
2% > g Then taking into account (9) and (12)
obtain

1-N

a2 ()] ) <

‘«lkn—«/{‘ < g
K i .
> > L2 Ui(y) 47" < co/n’)

= o Ni—yfig| < 2

Lemma 1 proved

2.4. Lemma 2.
Let function f(y) continuous and finite in G. If

s>(N-1)/2 , then uniformly by ye(_S following
inequality is valid

c |if. - (18)

Proof : For proof inequality (18) first estimate each
of terms in right side of (13). For estimation of first
term in (13) we use following estimations for
Bessel’s function
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tv2 t>1
@) < . Ly

Then dividing integral in right side of (13) into two
obtain

A
‘Gj f(x)-v(r)dx| < c . |f].
i A A R A ’
{ [ v(r)dx + | rN1~v(r)dr}
0 N

It is clear that from estimation of Bessel's
function it follows that quantity in quadratic
brackets bounded. Now estimate second term in
right side of equality (13). For this we apply to
following sum.

1-N
z f:n'un(y)'|1(7\”}\‘n) knT

n=1

Holder’s inequality and Parsevvall’s equality.

Then from lemma 1 it follows

1-N

> fou(y) b (MA) At | < comi |f]L
n=1

Third term in left side of (13) can be proved as
second term. Lemma 2 is proved.

2.5.  Proof of the theorem

For any function from the space C(G)
convergence of Reisz means E;f(y) will be
uniformly in closed domain for anys>0. Due to
denseness of C;(G) in the space of continuous
function on G , function f(y) which satisfies

conditions of the theorem can be approximated by
functions from C;(G) , which has supports in G, ,

where positive number h depends only from
distance between support of the function f(y) and

boundary of the domain G. Then statement of the
theorem follows from lemma 2. Theorem is proved.

3. Remarks

Main result of the present paper supplies
applicability of the spectral expansions connected
with given Hamiltonian for representation unique

On the uniformly convergence spectral expansions connected

solution of the time dependent Schrodinger’s
equation in a closed domain. Formerly this result
was known only for free Hamiltonian systems [8]
and for singular operators only in compact subsets
of the domain [9, 10].

Methods used in the paper and its results can
be used in investigations of the solvability of the
problems in quantum mechanics, nuclear physics
and mathematical physics.
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